The fundamental description of nature, beyond the Standard Model (SM), may include heavy neutrinos that mix and thus allow processes in which lepton flavor is not preserved. We investigate the impact of charged currents that couple heavy gauge bosons to heavy neutrinos and SM leptons on neutrinoless lepton-flavor-violating decays of SM leptons into three charged leptons. We implement our expressions for the leading contributions to Br(lα → l β lσ lσ), which hold for either Dirac or Majorana neutrinos, to the neutrinoless trilepton decay µ → 3e, of the muon, and so determine sets of masses of heavy neutrinos and the heavy gauge boson, within GeVs to few TeVs, that are consistent with the upper bounds provided by the SINDRUM Collaboration. We utilize such parameters to find that the contributions to tau decays are ∼ 10 −14 − 10 −13 , well below bounds from B factories.
I. INTRODUCTION
Neutrino physics is nowadays a topic of interest that has experienced great progress. This includes the determination of the whole set of neutrino-mixing angles [1, 2] from data acquired in experiments that access the remarkable phenomenon of neutrino oscillations, which is clear experimental evidence that neutrinos are massive and mix [3, 4] , thus indicating the presence of new physics beyond the Standard Model. Neutrino oscillations were first observed at the SuperKamiokande [5] and then confirmed at the Sudbury Neutrino Observatory [6] . Remarkably, the last mixing angle, θ 13 , was finally measured, almost simultaneously, by the Daya Bay and RENO Collaborations [7, 8] . Experimental investigations intended to determine the Dirac CP -violating phase, such as that performed by the T2K Collaboration in Ref. [9] , also exist. The recent experimental evidence that Majorana fermion states, first proposed by Ettore Majorana [10] , exist in nature [11] is a pertinent result to one of the main issues concerning neutrino physics: whether these particles are Dirac or Majorana fermions. Experimental setups aiming at the observation of the elusive neutrinoless double-beta decay have been based on the double beta decay of diverse isotopes:
76 Ge (Heidelberg-Moscow, IGEX, GERDA) [12] [13] [14] , 100 Mo and 82 Se (NEMO) [15, 16] , 130 Te (CUORICINO) [17] , 150 Nd (NEMO) [18] , and 136 Xe (KamLAND-Zen, EXO) [19] [20] [21] . While a measurement of this decay would be evidence in favor of Majorana neutrinos, so far this process has not been observed in nature [22] . Interestingly, electromagnetic properties of Dirac neutrinos are quite different from those characterizing Majorana fermions [23] [24] [25] [26] [27] [28] . The fact that neutrinos, even being electrically neutral, can interact with the electromagnetic field through quantum effects has been investigated in a variety of works, which have explored the neutrino anapole moment and charge radius [29] [30] [31] [32] , the neutrino electric dipole moment [33] [34] [35] and, most frequently, neutrino magnetic moments [36] [37] [38] [39] [40] [41] [42] [43] . There is even the proposal that neutrinos might not have zero electric charge, but they could be millicharged particles instead 1 .
The seesaw mechanism [45] , included by field theories with the purpose of explaining neutrino mass, show us that the high-energy description of fundamental physics, beyond the Standard Model, may include heavy neutrinos with masses depending on some energy scale, Λ, characterizing the formulation. With this in mind, we consider the charged currents 
where N j has been used to denote three heavy neutrinos that couple to a heavy charged gauge boson W ′ and to Standard Model charged leptons l α . We assume that Λ is large and that, under such circumstances, both the heavy-neutrino masses, m j , and the W ′ mass, m W ′ , are approximately proportional to this high-energy scale. Instances of formulations in which this occurs are left-right symmetric models [45] [46] [47] [48] and the simplest little Higgs model [49] . Thus, we note that m W ′ ≈ κ j m j , with κ j independent of Λ for any j.
In the Standard Model, lepton-flavor violation is strictly forbidden and, as a consequence, the decays of charged leptons into three leptons are always characterized by final states that involve only one charged particle and two neutrinos, whereas neutrinoless decays into three charged leptons are absent. Nevertheless, neutrino mixing admits of lepton-flavor-violating Feynman diagrams that contribute, since the one-loop level, to the latter type of charged-lepton decays. In such a context, the muon is able to decay like µ − → e − e + e − . Among the Standard Model leptons, the tau is the heaviest and thus the one with the richest decay spectrum [1, 50] . Its large mass makes it possible for this particle to include the decays τ − → e − µ + µ − , τ − → µ − e + e − , τ − → e − e + e − , and τ − → µ − µ + µ − . In the present paper, we explore and analyze this possibility. We point out that, driven by neutrino mixing, the charged currents of Eq. (1) generate contributions from the heavy neutrinos N j and the heavy gauge boson W ′ to these trilepton decays of the muon and the tau. We calculate one-loop contributions to lepton-flavor-violating decays l α → l β l σ l σ and then implement our result to the aforementioned processes. We analyze such decays in detail in a scenario in which two heavy neutrinos have masses that are quasi-degenerate, but the mass of the third neutrino is different, with the masses m j and m W ′ within the range from hundreds of GeVs to few TeVs.
The leading contributions come from reducible diagrams composed by a triangular flavor-changing electromagnetic subdiagram that connects, through a photon propagator, to a Standard-Model tree-level electromagnetic vertex. While, in general, there are other similar diagrams, but with the virtual-photon propagator replaced by a Z boson, a Z ′ boson or a scalar, the dominant diagrams occur in the electromagnetic case because the phase space of the process sets the conditions for the denominator of the photon propagator to produce a pole effect that enhances the contribution from such diagrams. Other less-important contributions come from box diagrams.
We find that, for certain values of the kappa factors κ j , defined before, and the W ′ mass m W ′ , the leading contribution from the charged currents of Eq. (1) to the branching ratio Br(µ − → e − e + e − ) is compatible with the upper bound provided by the SINDRUM Collaboration [51] . Moreover, such values of the parameters κ j and the mass m W ′ produce contributions to the afore-alluded tau decays that are in accordance with the bounds from B factories [52, 53] . We find it worth emphasizing that the diagrams generating these leading contributions are the same no matter whether the heavy neutrinos are Dirac or Majorana fermions, so our conclusions practically hold in both cases.
We have organized this document in the following manner: in Section II, we calculate the leading contributions to the process l α → l β l σ l σ and show that our expressions are ultraviolet finite, gauge invariant and decoupling; then we specialize to l α = µ − , τ − , in Section III, and consider the decays µ
− , whose branching ratios are calculated and analyzed; we end the paper by presenting our conclusions in Section IV.
II. THE TRILEPTONIC DECAY lα → l β lσ lσ
In this section, we perform a calculation of dominant one-loop contributions from the charged currents given in Eq. (1) to the invariant matrix element M α→βσσ , of the lepton-flavor-violating decay l α → l β l σ l σ .
A. The amplitude M α→βσσ
At one loop, the charged currents given in Eq. (1) produce two types of Feynman diagrams that contribute to l α → l β l σ l σ : (a) reducible diagrams, with three-leg loop subdiagrams; and (b) box diagrams. We show both possibilities in Fig. 1 . In this figure, the virtual-particle
Feynman diagrams that produce contributions, at one loop, to the decay lα → l β lσ lσ by means of neutrino mixing: (a) reducible diagrams; and (b) box diagrams.
double line in the generic reducible diagram of type (a) represents a propagator that can correspond to a photon, a Standard Model Z boson, a heavy Z ′ boson, or some neutral scalar φ. For each of these propagators there is a set of one-loop irreducible subdiagrams, which we have represented by the shadowed circle. All the subdiagrams of any of such sets add together to produce a contribution that is free of ultraviolet devergences by itself. Thus, the contributions from the diagrams of type (a) dominate over those generated by box diagrams, of type (b). Moreover, the sum of the off-shell one-loop three-leg subdiagrams in the reducible diagrams of type (a) corresponding to the linking photon propagator leads to a result that is gauge-invariant and finite by itself.
Keeping this in mind, we observe that the dominant contributions to the amplitude of the process l α → l β l σ l σ come from those diagrams of type (a) in which the virtual particle attached to the loop subdiagram is a photon line. It is the pole of the photon propagator the one that yields the enhancement that renders these contributions dominant among all others. An analogue situation was observed in Ref. [54] , where trilinear quark decays t → u 1ū2 u 2 , of the top quark, were investigated at the one-loop level, in the context of the Standard Model. Taking this discussion into account, we calculate only the contributions from the type-(a) diagrams with the virtual photon and neglect all other contributions in what follows.
The leading contribution from the charged currents of Eq. (1) to the amplitude of l α → l β l σ l σ is produced by the Feynman diagrams shown in Fig. 2 . These are the
Feynman diagrams corresponding to the dominant contribution from the charged currents of Eq. (1) to the decay lα → l β lσ lσ.
diagrams that we calculate. The usage of the unitary gauge to this aim would have the advantage of restricting the whole contribution solely to the set of diagrams shown in this figure. While in this gauge an on-shell calculation of the sum of the loop irreducible subdiagrams of Fig. 2 produces ultraviolet-finite results [55] , ultraviolet divergences do occur in the off-shell case, even though the resulting expressions are gauge invariant. Indeed, we have checked that such divergences are eliminated from the off-shell result if we take the on-shell limit. The appearance of off-shell ultraviolet divergences in the unitary gauge, not present in on-shell calculations, has been noticed and discussed in the literature [56] . We found it convenient to perform the calculation in the nonlinear gauge that is widely discussed in Ref. [57] , in the context of the Becchi-Rouet-Stora-Tyutin quantization [58] [59] [60] [61] . The use of this nonlinear gauge yields the elimination of trilinear couplings that mix pseudo-Goldstone bosons G W ′ and gauge bosons W ′ , which reduces the number of contributing diagrams. Concretely, the diagrams involving pseudo-Goldstone bosons G W ′ look exactly the same as those provided in Fig. 2 , but with the W ′ -boson lines replaced by G W ′ lines. In the nonlinear gauge that we consider, both propagators and gauge vertices depend on a gauge-fixing parameter, ξ. In particular, the coupling W W γ yields the Feynman rule [57] 
which we set in a Feynman-'t Hooft-like gauge, that is, we take ξ → 1 to perform the calculation.
Neutrino oscillations [3] is a quantum phenomenon that consists in the occurrence of nonzero transition probabilities of measuring a neutrino flavor that is different from the neutrino flavor originally emited at certain source. The observation of neutrino oscillations has been meaningful, in part because it incarnates solid evidence that neutrinos have nonzero mass. Furthermore, neutrinos, being electrically neutral and massive, can be described by either Dirac or Majorana fields [4, 10] . Dirac neutrinos differ from Majorana ones in several matters. In particular, the Feynman rules for these cases are different of each other. The Feynman rules for Majorana fermions have been already derived and discussed in detail in Ref. [62] . From Wick's theorem [63, 64] , it can be seen that, in general, the number of Feynman diagrams to consider in the Majorana case is different from that of Dirac fermions. For instance, if one is willing to calculate the one-loop contribution to the off-shell vertex Zl α l β , in order to calculate some diagrams of type (a) of Fig. 1 , the Majorana case involves one additional contributing diagram with respect to the Dirac case. However, in particular, the calculation of the electromagnetic contribution, which dominates, turns out to be the same in both cases. This means that, in a practical sense, our results are valid no matter whether the heavy neutrinos are Dirac or Majorana fermions.
We have utilized the method of Passarino-Veltman reduction [65] , which leaded us to expressions given in terms of scalar functions B 0 and C 0 . We have also used the software Mathematica, by Wolfram, with the package Feyncalc [66, 67] . According to our previous discussion, there are six one-loop three-line irreducible electromagnetic subdiagrams involved in the dominant contribution to the amplitude of l α → l β l σ l σ . The sum of such subdiagrams produces the total contribution
, with the general gauge-invariant structure [28, 68, 69] 
which includes a sum over the heavy-neutrinos contributions, labeled by j = 1, 2, 3. Any heavy-neutrino contribution in this expression is written in terms of the charge form factor f j Q , the anapole form factor f j A , the magnetic form factor f j M , and the electric form factor f j E . For a given j, these quantities depend on the masses m j and m W ′ , on the masses m α and m β , corresponding to the leptons l − α and l − β , and on the squared four-momentum q 2 (see notation and conventions in Fig. 2 ). We write these contributions to electromagnetic form factors in the generic form
where Ω = Q, A, M, E. The explicit expressions of the factors f 34 , and f j Ω,5 are provided in Appendix A. Furthermore, we have used the following notation for the scalar functions that appear in Eq. (3):
and we defined B j 0 = 1. Using the dimensionalregularization approach [70] , any scalar function B 0 can be written in the form B 0 = ∆ div + f fin [71] , with all the ultraviolet divergences and the logarithmic cutoff dependence contained in ∆ div . From this general expression of any B 0 the main feature of Eq. (3) is clear: it shows in an explicit manner that each contribution f j Ω is, by itself, finite in the ultraviolet sense, meaning that the whole contribution Γ αβ µ is free of ultraviolet divergences.
The amplitude M α→βσσ , for the process l α → l β l σ l σ , is given by
Due to the kinematics of the diagrams under consideration, it is possible to write M α→βσσ only in terms of the masses m j , m W ′ , m α , m β , m σ and the quantities q 2 and (p 2 + p 3 )
2 , which we take advantage of. We calculate the squared magnitude |M α→βσσ | 2 , then average over the initial spin s 1 and sum over final-state spins s 2 , s 3 , s 4 . Then we define F Ω = j v * jβ v jα f j Ω and use Eq. (2) to write
Here, the coefficients g αβ k , whose explicit expressions are provided in Appendix B, depend only on the externallepton masses m α , m β , m σ , and on the scalar products q 2 and (p 2 + p 3 ) 2 .
B. The decay rate of lα → l β lσ lσ
Now we aim at the computation of the decay rate Γ α→βσσ = Γ(l α → l β l σ l σ ), for which we emphasize that the dependence of |M α→βσσ | 2 on external momenta occurs exclusively through the scalar products q 2 and (p 2 + p 3 ) 2 . With that in mind, and recalling our assumption that for large Λ the mass m W ′ is practically proportional to this scale, it is convenient to perform the changes of variables
We also define the squared ratios
Then, after some integrations, we express the decay rate as
with the x-integration limits x min = 4x σ and x max = (
On the other hand, we find that the integration limits for the y-integral are
Since the factors |F Ω | 2 are independent of y, the integration over this variable only affects the coefficients g αβ k , so the y-integral turns out to be simple to solve.
C. Decoupling of new physics
For the next step, we consider a specific spectrum of heavy-neutrino masses m j . The simplest choice would be to assume that the set of neutrino masses is quasi-degenerate, but doing so introduces a strong suppression of the contribution. A more interesting and flexible scenario, which we choose instead, is a mass spectrum in which two neutrinos, say N 2 and N 3 , have quasi-degenerate masses, that is, m 2 ≈ m 3 , but the remaining neutrino mass, m 1 , is not close to them at all: m 1 = m 2 and m 1 = m 3 . This neutrino-mass spectrum was considered in Ref. [55] to investigate one-loop contributions to electric dipole moments and anomalous magnetic moments of Standard Model leptons, and the lepton decay µ → eγ as well. We consider, for practical purposes, a mass m N , such that m N ≈ m 2 and m N ≈ m 3 , to characterize the pair of quasi-degenerate neutrino masses.
We reasonably assume that the quantities v jα are the entries of a matrix that is approximately unitary, meaning that
It is worth commenting that, in general, any factor f j Ω , in Eq. (2), can be expressed as f j Ω = λ Ω + · · · , where λ Ω is a term that is independent of the neutrino mass m j and the ellipsis represents those terms that, on the other hand, are m j dependent. According to the unitarity property of v jα , notice that
In other words, the adequate calculation of the contributions requires to take into account a proper implementation of the unitarity of v jα , which involves the elimination of those terms that are independent of the masses m j in any form factor F Ω . Such a correct usage of unitarity is a piece of a delicate balance that ensures the decoupling of the new-physics contribution. We have verified that performing the afore-described elimination of m j -independent terms renders each heavyneutrino contribution, separately, non-decoupling. Nevertheless, as we show in a moment, the sum of all the neutrino contributions, with this removal of m j -independent terms, does decouple. We found it practical to express the form factors F Ω , in terms of the Passarino-Veltman scalar functions of Eqs. (4) to (8) and B j 0 = 1, as
with n Q = 0, n A = 2, n M = 1, and n E = 1. The coefficients h j Ωk , in Eq. (14), are straightforwardly obtained from the form-factor contributions f j Ω,0 , f j Ω,nm , and f j Ω,5 that constitute Eq. (3). Written in this form, the elimination of m j -independent terms from the factors F Ω is automatically carried out. For the subsequent steps of this calculation, we consider that the charged-lepton masses m α , m β , m σ are tiny with respect to the W ′ mass, m W ′ . We then use approximate solutions of the scalar functions B 0 and C 0 that are featured in our expressions.
Besides ultraviolet finiteness and gauge invariance, a further check of consistency of our results is decoupling [72] . It is worth mentioning that the authors of Refs. [73, 74] pointed out that, in the presence of heavy neutrinos, violations of the decoupling theorem may arise in flavor-lepton-violating neutrinoless decays of charged leptons into three leptons. This is not the case of our calculation. We start from Eq. (14), and then, using the condition m W ′ ≈ κ j m j , we find that any factor F Ω can be written in the form
The expressions of the coefficients η Ωk are enormous and quite intricate, so we do not exhibit them explicitly. These coefficients only depend on the external-lepton masses and on the quantities κ 1 , κ N and q 2 , which are constant with respect to the energy scale Λ, for very large Λ. Since, on the other hand, m W ′ is proportional to Λ, we note, from Eq. (15) , that the amplitude M α→βσσ , given by Eq. (9), decouples as Λ → ∞: lim Λ→∞ F Ω = 0. 
Model. This is the case of the lepton trilinear decays that we discuss in the present investigation, which, even involving initial and final states of low-energy dynamic variables, cannot happen in the Standard Model, where lepton flavor is preserved.
To compute the corresponding decay rates, by means of Eq. (11), we first observe, from Eqs. (14) and (15), that the neutrino-mixing dependence of the form factors F Ω is determined by which leptons l α and l β we consider. A difference between Majorana and Dirac neutrinos lies in the parameters featured in the mixing. Concretely, the number of CP -violating phases is different [4] : while Dirac neutrinos are characterized by only one phase, known as the Dirac phase, the case of Majorana neutrinos includes this Dirac phase and two extra CP -violating phases, commonly refered to as Majorana phases. Differently from what happens with the Majorana phases, neutrino oscillations are sensitive to the Dirac phase and data are available [9] . Ignoring Majorana phases, for the sake of simplicity, we utilize, for the mixing of the heavy neutrinos, the usual parametrization of 3 × 3 unitary matrices [4] , in terms of three mixing angles θ 12 , θ 23 , θ 13 , and the Dirac phase δ, to write down the following mixing factors: 
• τ − → µ − e + e − and τ Here o . While we consider equal light and heavy mixings as an assumption, physical contexts in which this is indeed a requirement exist, as it is discussed, for instance, in Refs. [75, 76] . In a report of electron-neutrino appearance from a muon-neutrino beam, beyond 5σ, the T2K Collaboration claimed that the value −π/2, for the light-neutrino Dirac phase, is favored by combined T2K data and reactor experiments [9] . Just for illustrative purposes, we use the value δ = −π/2, for the Dirac phase of heavy-neutrino mixing.
The branching ratios for the processes that we consider have been reported to have the following upper bounds [1, [51] [52] [53] :
all of them at the 90% C.L. The idea is to compare these upper bounds with our branching ratios, and find sets of parameters m W ′ , κ 1 , κ N such that Eqs. (20) to (19) are fulfilled.
A. Results and discussion
Neutrino mixing, which is not a feature of the Standard Model, enables processes that violate lepton flavor, such as the muon decay µ → eγ. This decay has been bounded by the MEG Collaboration, which reported, in Ref. [77] , the upper limit Br(µ → eγ) < 5.7 × 10 −13 . The contributions to µ → eγ from charged currents involving heavy neutrinos, heavy charged gauge bosons and Standard-Model charged leptons were recently calculated, analyzed and discussed in Ref. [55] . The authors of Ref. [78] performed an experimental search based on an apparatus that they refer to as the "Crystal Box" detector, aiming at the measurement of the lepton-flavor-violating decays µ → eγ, µ → eγγ, and µ → 3e. Having not found any evidence of such processes, they established upper bounds, particularly Br(µ → 3e) < 3.5 × 10 −11 at 90% C.L. An improved bound was provided by the SINDRUM Collaboration, which, using a large-solid-angle magnetic spectrometer, achieved Br(µ → 3e) < 1.0 × 10 −12 in Ref. [51] . While these experimental investigations of µ → 3e were carried out long ago, another experiment, called "M u3e", has been proposed with the objective of improving this lower bound to 10 −16 [79] . Phenomenological investigations of the decay µ → 3e have been performed within models of several Higgs doublets, leading to branching ratios as large as ∼ 10 −13 [74, 80] . This process has been explored in the context of left-right symmetric models as well, finding that contributions around ∼ 10 −16 − 10 −12 can be achieved [81] . The so-called scotogenic model [82] , aiming at neutrino mass and dark matter, has also been considered, in Ref. [83] , to study this flavor-leptonviolating process, with values of Br(µ → 3e) ranging from ∼ 10 −18 to ∼ 10 −4 reported for a variety of scenarios.
Concerning our analysis, we have observed that, by far, the decay µ − → e − e + e − is the process which imposes the most stringent restrictions among the leptonflavor-violating trilinear decays under consideration. In Fig. 3 , we show three sets of plots of Br(µ − → e − e + e − ) as a function of m W ′ . Each curve corresponds to a different choice of pairs of parameters (κ 1 , κ N ). In all cases we have considered masses m W ′ ranging between 3 TeV and 8 TeV. In each of these graphs, we have included a solid horizontal line at Br(µ − → e − e + e − ) = 1.0 × 10 −12 , which stands for the upper bound given in Eq. (19) . So, the shadowed region, below such a line, comprises all the values that are allowed by the aforementioned constraint. For Graph (1) we have left κ 1 without any change, while κ N has been varied; it can be appreciated that as we take larger values of κ N , meaning that m N decreases and the difference |m 1 − m N | increases, the contribution gets larger as well. We have done something different to set the situation shown in Graph (2) , where κ N is kept constant, but different values of κ 1 are taken. We see that the smaller the κ 1 , which yields larger masses m 1 and larger differences |m 1 − m N |, the larger the contribution. Finally, in Graph (3), we have plotted the branching ratio for different values of (κ 1 , κ N ), but keeping the difference among the kappas constant. From this last graph, it is clear that the contribution grows as both m 1 and m N increase, even though |m 1 − m N | remains constant. Besides these patterns, the graphs in Fig (3) show us that for each pair of values (κ 1 , κ N ) there is a minimum value of the W ′ mass that keeps the contribution under the upper bound given in Eq. (19) . Let us point out that, though with different numbers, all this discussion on the behavior of the branching ratio is similar for the tau decays τ → l β l σ l σ .
For the sets of parameters (κ 1 , κ N ) that we considered for Fig. (3) have done to carry out the graphs of Fig. (4) ; they also exhibit sets of plots of Br(µ − → e − e + e − ) as a function of m W ′ , for different choices of kappa parameters (κ 1 , κ N ). To perform a clear discussion, we have set, in each graph, a fixed κ 1 , but we have explored different values of κ N . All the graphs include a horizontal line that corresponds to the upper bound on the branching ratio. The situation of Graph (a), for which κ 1 = 2.5, is able to provide a lower bound for the W ′ mass as small as m W ′ 801.94 GeV, which we have indicated in the corresponding image by means of a vertical solid line. This lower bound for m W ′ improves that of Fig. (3) . We can further reduce this lower bound. Graph (b) shows plots of the branching ratio with larger values of κ 1 and κ N . Since this decreases the heavy-neutrino masses m 1 and m N , the contributions are rendered smaller, and thus the lowest lower bound on the W ′ mass turns out to be m W ′ 688.21 GeV. For Graph (c) we have the same pattern, yielding m W ′ 382.55 GeV, but the lowest lower bound among all the cases that we investigated comes from Graph (d), since, in this case, the bound is as small as m W ′ 288.14 GeV. In Table I , we give, for each graph of Fig (4) , the lowest lower bound on m W ′ and the heavy-neutrino masses corresponding to each scenario. Fig. (4) . The first row provides lowest lower bounds on m W ′ ; the second and third rows give, from the κ1 and κN associated to the column value of m W ′ , the corresponding heavy neutrino masses. We have also included the maximum lower bounds on m W ′ for each graph. All the masses are expressed in GeVs. Table I . In all cases, mass units are GeVs.
Finally, let us recall and emphasize that our preceding discussion around Fig. (3) indicates that, for any fixed κ 1 , a smaller κ N would render the neutrino mass m N larger, thus increasing the difference |m 1 − m N | and, consequently, enhancing the corresponding contribution. This behavior is followed by all the graphs of Fig. (4) , where we observe that larger differences among kappas push the lower bound on the W ′ mass forward. For instance, decreasing κ N from 9.9 to 9.7 in Graph (d) increases the lower bound m W ′ 288.14 GeV to m W ′ 504.30 GeV, with neutrino masses m 1 ≈ 50.43 GeV and m N ≈ 51.99 GeV. Now we discuss the τ lepton decays. First of all, let us point out that once we set values for (κ 1 , κ N ), and thus establish the minimal m W ′ , in accordance with the experimental bound given in Eq. (19) , the upper bounds in Eqs. (20) to (23), for the branching ratios of the trilepton tau decays under consideration, are automatically fulfilled. Indeed, in each case the contributions just vary slightly, which can be appreciated in Tables II and III. The entries of such tables are branching ratios that correspond to the kappa parameters that are indicated in the corresponding row. To make these tables we have used the kappa parameters that yield the smallest lower bounds on the W ′ mass in the situations characterizing each of the graphs of Fig. (4) . Since for each set (κ 1 , κ N ) the lowest value of m W ′ , allowed by the upper bound on Br(µ − → e − e + e − ), yields the larger branching ratio for any trilinear tau decay, this minimal W ′ mass is the one that we considered for the tables. In the context of seesaw-type models, the branching ratios for the neutrinoless trilepton decays of the tau lepton, with lepton flavor violation, were calculated some years ago in Ref. [73] , with the conclusion that τ → 3e and τ → e − µ + µ − would be the most promising options, reaching values as large as ∼ 10 −6 . Tau decays were also considered in Ref. [74] , in models of seesaw with multi-Higgs-doublets, which yielded a branching ratio Br(τ → µ − e + e − ) around ∼ 10 −18 . Supersymmetry with lepton flavor violation was the scenario, in Ref. [84] , to explore the tau decay τ → 3µ, claiming that a value as large as 10 −7 can be reached in this model. Lepton-flavor-violating decays of the tau lepton have been a matter of interest for the B factories Belle and BABAR [85] . In 2010, the Belle and BABAR Collaborations reported that no events of tau decays τ → l β l σ l σ had been observed, and thus es- . For each selected pair (κ1, κN ) the corresponding minimal allowed mass m W ′ , given in Table I , has been used.
tablished upper bounds on the corresponding branching fractions, all of them of order 10 −8 [52, 53] . Using protonproton collision data, the LHCb Collaboration has been able to establish the upper bound 8.0 × 10 −8 on the branching ratio Br(τ → 3µ) [86] . Finally, let us mention that the ATLAS Collaboration recently reported an upper bound of order 10 −7 on the branching ratio of the decay τ → 3µ [87] .
IV. CONCLUSIONS
In the present paper, we have calculated, at the oneloop level, the contributions from charged currents featuring heavy neutrinos and a heavy charged gauge boson to neutrinoless decays of the tau lepton into three charged leptons l α → l β l σ l σ , in which lepton flavor is not preserved. Such effects are possible due to neutrino mixing, which does not occur in the Standard Model, but certainly is a phenomenon of nature, according to the experimental evidence that points towards the existence of neutrino oscillations. We calculated the leading contributions to the amplitudes of these decays, which come from reducible diagrams in which loop subdiagrams are linked to an electromagnetic vertex by means of a photon propagator; this induces an enhancement of contributions by a pole effect. Moreover, we have emphasized that our results do not distinguish among Dirac and Majorana neutrinos, because the Feynman diagrams that produce the leading contributions are the same in both cases. We have proven explicitly that our results are ultraviolet-finite and gauge invariant, and we have shown that they decouple. We considered a mass spectrum for the heavy neutrinos in which two neutrinos have quasi degenerate masses, but we left the mass of the third neutrino different. Then we calculated the branching fraction Br(l α → l β l σ l σ ) and implemented it to specific lepton decays. We first considered the decay µ → 3e, which we used to establish sets of parameters that are in accordance with the currently most stringent upper bounds on such a branching ratio, set by the SINDRUM Collaboration. Such parameters were the W ′ mass and two parameters, κ 1 and κ N , which define, for a large high-energy symmetry-breaking scale, a simple relation among m W ′ and the heavy-neutrino masses m j : m W ′ ≈ κ j m j , for any j. We observed that the further the neutrino masses are of each other, the larger the contribution gets. We then used sets of parameters that are consistent with experimental bounds to determine the size of the contributions to the branching ratios of the tau decays τ → l β l σ l σ , finding that they are ∼ 10 −14 − 10 −13 . Evidently, these contributions are far below the upper bounds reported by the Belle and BABAR Collaborations. form factors
In this Appendix we exhibit the explicit expressions for the factors f 
